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I. INTRODUCTION
T HE determination of the covering radius of the first-order
Reed-Muller code is a difficult problem in coding theory. Indeed, the covering radius of the first-order binary Reed-Muller code of length , denoted by , is unknown for odd, . Helleseth et al. have proved an upper bound and a lower bound for in [4] These bounds give the covering radius in the case where is even. For small odd , we know that , , and (see [2] , [6] , and [9] ). The lower bound can be proved by calculating the covering radius of the first-order Reed-Muller codes in the second-order Reed-Muller codes. Langevin has proved the following result in [8] :
This lower bound has been improved by Kavut and Dyker Yücel in [7] if , , or and by Patterson and Wiedemann in [10] and [11] if is odd, : , , and for odd, , .
In this paper, we extend to first-order generalized Reed-Muller codes some of the previous results.
Let be a prime number, a positive integer, , and a finite field with elements. If is a positive integer, we denote by the -algebra of the functions from to and by the -algebra of polynomials with coefficients in in variables. We consider the homomorphism of -algebras which associates with the function such that
The homomorphism is onto and its kernel is the ideal generated by the polynomials . So, for each , there exists a unique polynomial such that the degree of in each variable is at most and . We say that is the reduced form of and we define the degree of as the degree of its reduced form. The support of is the set and we denote by the cardinal of its support.
Remark: We can identify and by evaluating an element of in each element of . Then, is actually the Hamming weight of .
For , the -order generalized Reed-Muller code of length is For , the automorphism group of generalized Reed-Muller codes is the affine group of denoted by (see [1] ). For more results on generalized Reed-Muller codes, we can see, for example, [3] .
The covering radius of a code of length is
We denote by the covering radius of . We are also interested in partial covering radius, that is to say, the covering radius of in , .
We define
In Section II, we give a general upper bound for covering radius of codes over . Then, we calculate
We use the previous results to give an upper bound and a lower bound for , which give when is even.
0018-9448/$31.00 © 2012 IEEE Theorem 2: For all , Furthermore, when is even, we get functions such that . Finally, we study more precisely the case where . In this case, we calculate and and get a better lower bound for odd, .
II. GENERAL UPPER BOUND
We need to extend the definition of self-complementary code for a binary code to a code over and we recall the definition of the strength of a code. 
III. DETERMINATION OF

A. Counting Zeros of Quadratic Forms
First, we recall the definitions of quadratic form over and its rank, where is arbitrary.
Definition 7:
We say that an mapping from to is a quadratic form if 1) for and ; 2) such that is a bilinear form. Then, is called the bilinear form associated with .
Definition 8:
We call rank of a bilinear form , the rank of the following linear map:
Let be a quadratic form over and the associated bilinear form. Let and ; then, we define the rank of by . We say that is nondegenerate, if .
Remark: If is odd, then and . We need the two following classic theorems about quadratic forms (see, for example, [5] ):
Theorem 9: Let be a quadratic form of rank on ; then, there exists a basis of such that 1) if (1) 2) if (2) or (3) where is irreducible over . 
IV. BOUNDS OF
We use the general upper bound to find an upper bound to .
Proposition 11: For all , , we have Proof: Since , is selfcomplementary, So, by Theorem 6, it is enough to show that has strength 2. Let and be two different fixed elements of and . We consider the following linear map:
The matrix of this map is the following matrix:
Since , it has rank 2 and its kernel has dimension . So, is onto and for all . 
